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Abstract. The measurement matrix employed in compressive sensing typically cannot be known precisely a
priori and must be estimated via calibration. One may take multiple compressive measurements,
from which the measurement matrix and underlying signals may be estimated jointly. This is of
interest as well when the measurement matrix may change as a function of the details of what is
measured. This problem has been considered recently for Gaussian measurement noise, and here we
develop this idea with application to Poisson systems. A collaborative maximum likelihood algorithm
and alternating proximal gradient algorithm are proposed, and associated theoretical performance
guarantees are established based on newly derived concentration-of-measure results. A Bayesian
model is then introduced, to improve flexibility and generality. Connections between the maximum
likelihood methods and the Bayesian model are developed, and example results are presented for a
real compressive X-ray imaging system.
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1. Introduction and related work. There is increasing interest in realizing the potential of
compressive sensing (CS) in actual physical systems, with the goal of efficiently (compressively)
measuring the information characteristic of an entity under test. Examples include a single-
pixel camera [6], hyperspectral imaging [14], and compressive video [12, 19, 34]. The Gaussian
measurement model is assumed in each of these examples, and is widely employed in existing
theory and applications.

A Gaussian measurement model is not appropriate for many important applications, in-
cluding X-ray [9, 20] and chemical imaging [29, 30, 31]. The observed data in these applications
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are characterized by counts, typically under Poisson statistics. The properties of the Poisson
measurement model have been studied from various perspectives. Algorithms for recovering
the (sparse) Poisson rate function (i.e., the associated parameter of the Poisson distribution)
have been studied in [10], and performance bounds for inversion algorithms have been devel-
oped in [22, 24]. However, these algorithms assume perfect knowledge of the sensing matrix.
In real physical systems that motivate this paper, it is usually impossible to build a device that
perfectly matches the desired sensing matrix, and a calibration step is required to learn the
sensing matrix. There are other situations for which the target to be sensed may perturb the
sensing matrix [2], and hence perturbations to this matrix must be inferred when performing
CS inversion. The problem of fluctuating sensing matrices has been studied for the Gaussian
measurement model in [11, 33, 37].

To the authors’ knowledge, almost all previous work focuses on establishing various theo-
retical properties of both Gaussian and Poisson measurement models with a single compressive
measurement. CS with multiple measurements has only been addressed in [8, 21], and there
for the Gaussian measurement model. Furthermore, randomly constituted sensing matrices
employed in the aforementioned work violate the nonnegativity constraint of the Poisson mea-
surement model. Our focus is on the use of multiple measurements to estimate the sensing
matrix and recover the signal, which is often practical as a calibration step or in multiview
compressive measurements. Further, we focus on the Poisson measurement model, for which
there are no previous results on estimating the sensing matrix. The new theory developed
here is motivated by the practical problem of compressive X-ray scatter (not transmission)
measurements, and therefore we begin with a brief introduction to this motivating system.

1.1. Hardware review. The basic structure of the coded aperture coherent scatter spec-
tral imaging (CACSSI) [9] system considered in this paper is illustrated in Figure 1. The
object is illuminated with an X-ray pencil beam (transmitted beam along a single linear di-
rection, or “pencil”), and a coded aperture is placed in front of a linear array of energy-sensitive
detectors; the system measures coherently scattered (energy-dependent) X-rays. The angle
with which a scattered X-ray impinges on a particular detector element is a function of the
detector distance from the scattering source. Multiple angle- (depth-) dependent X-rays are
measured by each detector element, and each ray is distinguished by interacting with (being
encoded by) a different portion of the coded aperture. Hence, the coded aperture manifests
angle- and hence depth-dependent coding, and we model this with the sensing matrix. The
measurements are compressive in that one may recover a depth-energy image of the entity
under test (energy-position two-dimensional image along the length of the pencil beam), based
on a linear array of energy-dependent measurements (one-dimensional measurements). The
overall entity under test is characterized by sequentially scanning the position of the pencil
beam across the full volume of the object, yielding ultimately an energy-dependent character-
ization over the volume of the object under test. However, one typically cannot manufacture
or situate the coded aperture precisely, and these imperfections manifest mismatches between
the designed and actual measurement matrix. The detailed measurement model is introduced
in section 2.

1.2. Contributions. The specified contributions of this paper are the following:
(a) We propose a regularized maximum-likelihood (ML) algorithm to jointly estimate the
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Figure 1. Illustration of the motivating compressive X-ray system. (a) Schematic, (b) photograph of the
system, and (c) X-ray transmission image of the coded aperture [9].

signal and the imperfectly known sensing matrix.

(b) A new concentration-of-measure result is derived for a Rademacher-type random sens-
ing matrix, suitable for both Gaussian and Poisson multiple-measurement models.
Several theoretical applications based on the derived concentration-of-measure result
are presented.

(¢) Performance bounds are derived for the regularized ML method, assuming Rademacher-
type randomly constituted sensing matrices.

(d) A new Bayesian method is proposed to improve the inversion performance, eliminating
the need for cross-validation and dropping some assumptions in the ML algorithm.

(e) The proposed algorithms and theoretical results are demonstrated on both synthetic
data and real data captured by the X-ray imaging system summarized in Figure 1.

The remainder of the paper is organized as follows. Section 2 introduces the Poisson

measurement model. In section 3 the reconstruction algorithm is developed, considering a
regularized ML estimator. We derive a new concentration-of-measure result, under the as-
sumption of multiple measurements, and several theoretical applications are developed. Us-
ing these results, performance bounds are presented. In section 4 we develop the Bayesian
inversion algorithm, to improve inversion performance and robustness. Experimental results
are summarized in section 5, and section 6 concludes the paper.
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1.3. Notation. Bold upper and lower case letters are used to denote matrices and vectors,
respectively; e.g., ® is a matrix and f is a vector. I,,, denotes the m x m identity matrix, and
1,, denotes an m-dimensional vector with all entries being 1. An element in a matrix/vector
is represented by nonbold lower case letter with its indices as the subscript; e.g., ®; ; is the
element at the ith row and jth column of matrix ®, and f; is the ith element in vector f.
A variable with no superscript, e.g., f, ®, is used for general purposes, such as describing
the model /system or used as a dummy variable in an optimization problem. The symbol f*
reflects the true value of variable f, and f denotes an estimate of £*. | | denotes the cardinality
of the argument set. ||- ||, denotes the [, norm of the argument vector. || || may respectively
denote Iy norm or operator norm (spectral norm) for vector or matrix, and its specific meaning
should be clear from the argument variable. |- ||r denotes the Frobenius norm for the argument
matrix. The big-theta © notation is used to denote two-sided boundedness for functions of
real numbers. For example, f(K) ~ O(g(K)) means c19(K) < f(K) < c2g(K) with constants
c1,c9 > 0 for all K large enough.

2. Model and problem statement. Assume K compressive measurements are performed,
with the kth measurement y; € Z'!' a Poisson-distributed vector of counts:

(2.1) yi, ~ Pois(®f), +u) € ] Pois((®f; +u);) Vk=1,...,K,
=1

where Z denotes the collection of nonnegative integers, f € R’ is the kth input signal
to be estimated (Poisson rate vector), and ® € R}'™", with m < n, is the sensing matrix
(imperfectly known a priori). The first Pois(-) in (2.1) has a vector argument for the rate and
corresponds to a Poisson distribution implemented independently on each component of the
rate vector; the second Pois(+) in (2.1) denotes the common scalar Poisson distribution with
a rate parameter. The u € Rl accounts for background noise, which may exist even when
fi, = 0, and u is often termed as the “dark-current.” We further model

(2.2) D =)+ Pp,

where ®( is known a priori as the designed sensing matrix, and ®g is the unknown per-
turbation. We wish to jointly recover {fk}ff:l, P, and u from the multiple measurements
{y k}kK:1-

It is instructive to place the model in the context of the system discussed in section 1.1.
For a material with effective lattice spacing d, excited by X-rays at energy F, the angle 0 at
which the fields are scattered satisfies % = %sin(@/ 2), where h is Plank’s constant and c is
the speed of light in vacuum. If the X-ray beam is characterized by a range of energies F
over a finite bandwidth, then each energy within that bandwidth scatters at an angle 6(E, d)
defined by material properties d and energy E. The gray-scale gradient of scattered waves in
Figure 1(a) reflects variation in §(F,d) as a function of E over the bandwidth for fixed d; the
d is fixed by the properties of the local material, and E represents the energy, which varies
across the bandwidth of the source. The reader is referred to [9] for further details.

Each gray scale in Figure 1(a) denotes one energy over the bandwidth, with each energy
scattering at a specific angle. In Figure 1(a), note that the gray-scale gradient of energies is
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emitted from a point along the pencil beam, with the properties of that gray-scale gradient
defined by the material properties around that emission point. Each emission point along
the pencil beam is characterized in general by a unique gray-scale gradient, with energies
scattered at angles defined by the properties of the local material. The signal fi, may be
viewed as a three-dimensional entity, with position along the pencil beam representing one
axis ((1), energy level representing the second axis ((2), and angle of scatter representing the
third axis ((3); fi represents the scatter strength from each position along the beam as a
function of energy and angle of scatter. For any fixed point along (7, the two-dimensional
image in the ({2,(3) plane characterizes the strength of scatter as a function of angle and
energy; by integrating across the (3 dimension, we obtain an energy-dependent signature for
the material at the selected position in (7, used for material characterization.

The detectors are energy-dependent. The measured signal yp may be viewed as two-
dimensional, defined by an energy-dependent photon count as a function of detector location.
The f;, and y; are “unwrapped” to constitute vectors. Matrix ® characterizes the linear
process through which fj is mapped to on overall energy-dependent Poisson rate as observed
at each detector, and it accounts for modulation induced by the coded aperture. The coded
aperture modulates the scattered photons in a manner that depends on the position of emission
and on the angle of scatter, helping to disambiguate the source of observed photons when
seeking to recover fi from yj. Further details on the X-ray system may be found in [9, 20].

One may take multiple “off-line” measurements with all inputs fj set to O (i.e., in the
absence of any material in the measurement system), from which one may yield an estimate
of u. Hence, for simplicity, we assume that u is known a priori when developing theory, and
the theory focuses on the ML-based estimation of {f;} and ®p. However, for the Bayesian
inversion we develop in section 4, u is estimated along with {fk}szl and ®g. This latter
flexibility is important, as the dark-current is characteristic of spurious scatter within the
measurement system, which may change with the item under test.

3. Collaborative reconstruction via regularized MLE.

3.1. Collaborative MLE. The model for multiple Poisson measurements (2.1) can be
rewritten concisely as

(3.1) y ~ Pois(Af + ),

where . .
def def def
yé[y]—,...,y};] , fé{fl—r,...,f;] , )\élK@u,

where ® represents the Kronecker (tensor) product, A is constituted via block-diagonalization,
and A ¥ I © ®. We define Ag < I @ @) and Ap & T;e © &, and A = Ag + Ap.
When developing the theory, we make the following assumptions:
(A1) The intensity of each signal fj is known and fixed, i.e., |[fx][y = for k=1,... . K; a
similar assumption was made in [24] and is necessary to make {f;} and ® identifiable.
(A2) Af > cI1kp,, where constant ¢ > 0 and > denotes the entrywise inequality. This is
used to exclude the singular case, where some Poisson rates asymptotically approach
ZEro.
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1@ 52
[®oll2
norm (spectral norm) of the argument matrix.

(A4) The energy of the dark-current is assumed to be bounded as [Julj; < U.
We propose estimating f and A g simultaneously via the following collaborative maximum-
likelihood estimator (CMLE):

(A3) The system perturbation is bounded as < €1, where || - [|2 denotes the operator

- A
(3.2) (f,Ap) = argmin {— log Pois[y; (Ag + Ag)f + A] + 2 pen(f) + Zw} ,
(f,Ap)el K

where ' is a collection of all candidate estimators and should satisfy the following constraint:

y £-0, [foi=1 VE=1,....K:
(3.3) DCT S (fAp) | 1282 <e;
Ag+Ap =0, (Ag+ Ap)f = cllgy,.

We further assume the technical condition that I' is a countable or finite set. In order to
remedy the mismatch between this technical assumption and the fact that 7" is a continuous
domain, we require I' to be selected as a quantized version of T'. Note that we may always
utilize uniform quantization on T to obtain such a I'. In particular, we define the quantization
step QS(T") as
B4y esmy= i i |9 - @)

(£, AR A", A%)

Therefore, QS(T") characterizes the minimal quantization level occurring within I". Through-
out the paper, we assume that QS(I") > 4%/?, where d is a constant independent of K. In
other words, the discrete set I' is assumed to be asymptotically dense with the increase of the
number of measurements K.

The penalty term pen(f) is required to satisfy the Kraft inequality Zfel‘l e~ pen(f) < 1
where I'y = {f|(f,Ag) € '}, and || - || denotes the Frobenius norm. We also denote I's =
{AEg|(f,Ag) € I'}. The pen(-) acts as a logarithmic prior on the signal and can be designated
as many popular penalty functions when a proper scaling is applied in order to satisfy the
Kraft inequality. Typical choices for the pen(-) include the I3 norm, of interest for sparse
signals [4], and the total-variation (TV) norm for smooth signals [26]. In fact, the Kraft-
compliant penalty is related to the prefix codes for estimators, and more concrete examples
of this penalty function are presented in [32]. As elaborated in the proof of Theorem 3.1, we
utilize a main result from [15], which requires the countability assumption as reflected in T'.

In practice, the signal energy level I and the perturbation bound ¢; may not be known
precisely. In order to increase the flexibility of regularizers in (3.2), one may relax the CMLE
in (3.2) to the following form:

(3.5) (f", AE) = arg min {— log Pois[y; (Ag + Ag)f + A] + 71 pen(f) + no||AglF},
(f,Ap)el

where 7 > 0 and 75 > 0 are preset constants. We refer to the above estimator as the relaxed-
CMLE.
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The CMLE and the above associated assumptions make theoretical analysis tractable. As
we will see subsequently, some of these assumptions can be relaxed further within our practical
Bayesian approach (developed in section 4). For example, rather than the strong assumption
Ifills = I for k =1,..., K, which may not always be true in practice due to variation of the
scatter strength of the K targets, we assume that the prior distributions placed on {fy} are
all the same. Further, rather than assuming u is known, we assume the mean of u is known.

3.2. Performance analysis for the CMLE. The work presented here is inspired by pre-
vious research that assumed Gaussian sensor noise [4] and a randomized sensing matrix. We
consider Poisson noise and also consider randomized design of the sensing matrix. However,
the nonnegativity constraint on A and its block-diagonal structure prevent direct application
of many results for the Gaussian model [4, 21, 6]. We develop a new concentration-of-measure
inequality for a randomized sensing matrix A satisfying the positivity and block-diagonal
constraints. Several theoretical applications of the concentration inequality are presented as
well, and in particular we establish performance bounds for the proposed CMLE estimator.

3.2.1. Construction of the sensing matrix. To constitute the matrix ®, we first generate
Z € {1,—1}"*"  where each independent and identically distributed (i.i.d.) entry is drawn

from the Rademacher distribution (i.e., random variables take values 1 or —1 with equal

probability). Let ¥ ey \/% and &,
and, for use below, we define Ay = I ® . Note that ¥ is a matrix with entries being either

0 or \/Lﬁ In other words, the sensing matrix A consists of a scaled-Rademacher matrix ¥

v+ ﬁlmxn; the sensing matrix is Ag = Ix ® Py,

and a constant offset \/_lmlmxn keeping the sensing matrix nonnegative.

3.2.2. Concentration-of-measure inequalities. Concentration of measure is a phenom-
enon describing the tendency of certain functions of a high-dimensional random process to
concentrate sharply around their means [16]. Our first result is a concentration-of-measure
inequality for the block-diagonal Rademacher-distributed matrix Ag, which serves as a key
ingredient in the proof of the performance bounds.

Theorem 3.1. Let Ag be generated as described in section 3.2.1, and let A C {f|f = 0} be
a countable or finite set. Then the matriz A satisfies the following concentration-of-measure
mequality:

e’ fl3

mn2

(3.6) P ([I A3~ IEI3] = elfI3) < e exp < ) VEE A, €€ (0,1),
where ¢; > 0 is a constant.

Proof. The proof is presented in Appendix A. |

In contrast to many previous concentration-of-measure results for matrices populated with
i.i.d. sub-Gaussian entries [23], the decay rate indicated by Theorem 3.1 depends on the signal
being measured. In particular, for the estimator candidate set I' introduced in section 3.1, we
have the following corollary, which will be used later in the proof, serving as an analogy of
the restricted isometry property (RIP) for sparse signals [4].

Corollary 3.2. Let Ay be generated as described in section 3.2.1. We have

(37 (A-olf —gl < [Ao(f —g)l5 < (1 +e)|f —gl3,: ¥, g1, e€(0,1),
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with probability at least 1 — e - exp ( — %), where ¢y > 0 is a constant.

Proof. The proof is presented in Appendix B. [ |

In previous work, for both the Gaussian and the Poisson measurement models, a sparseness
assumption has been placed on the source signal fj [4] and RIP conditions suitable for the spar-
sity assumption have been utilized accordingly. Our RIP results as in Corollary 3.2 are valid
even when the signal is not sparse, but rather a general Kraft relationship ZfeFl e~ pen(f) < 1
is satisfied (a special case of which includes a sparsity constraint). We note that it is possible
to derive tighter bounds via a more accurate RIP condition by leveraging further assumptions,
such as sparsity of the source signal (or sparsity in a particular basis).

CS with multiple measurements has only been addressed in [8, 21], and there for the
Gaussian measurement model. The case of a Poisson single-measurement model (without
perturbation on the sensing matrix) has been considered in [22, 24]. However, it is worth
noting that even though the multiple-measurement case can be formulated concisely as y ~
Pois(Af + X), akin to the single-measurement situation [22, 24], a fundamental difference is
that the sensing matrix A in this case is limited to a block-diagonal structure, rather than
being arbitrary, as in the single-measurement case. The block-diagonal measurement matrix
poses a more challenging (and practical) problem. Hence, the proof techniques from [22, 24]
cannot be applied to the multiple-measurements case, and the nonnegativity constraint on
the sensing matrix also invalidates adaptation of the results in [8, 21].

Our concentration-of-measure results provide a new strategy, by constituting ®¢ via the
Rademacher distribution. More importantly, as we elaborate on later, such a Rademacher
configuration facilitates an easy construction of a nonnegative sensing matrix necessary for
Poisson sensing, by simply adding a constant offset. The Gaussian configuration proposed in
[8, 21] cannot be easily adapted to guarantee such a nonnegativity constraint. Nevertheless, in
addition to their value for Poisson sensing, our concentration-of-measure results also shed light
on CS for multiple linear measurements; in the next section, we present some applications of
our concentration-of-measure results in that case.

3.2.3. Applications of the concentration-of-measure inequalities. The concentration-
of-measure inequality is a powerful characterization for the behavior of a random operator,
which possesses a number of implications in various areas [23]. In the previous section, a
new concentration-of-measure inequality for a block-diagonal Rademacher-distributed random
matrix has been derived, and we now present several theoretical applications of this result.
Specifically, we formulate a modified version of the Johnson-Lindenstrauss (JL) lemma [13]
for block-diagonal matrices. Recall the definition of the stable embedding [5].

Definition 3.3. For U,V C R", a map ® : R® — R™ 4s called an e-stable embedding of
(U, V) if

(3.8) I-alx-yli <ex-yl;<A+elx—yl3 ¥xeU yeV.

In other words, a map is a stable embedding of (U, V) if it almost preserves all pairwise
distances between U and V. The classical JL lemma [13] ensures the existence of such an
e-stable embedding of (U,U) if m ~ @(bgg—zw‘).

Via Theorem 3.1, a modified version of the JL lemma can be stated as follows.

Theorem 3.4. Let U,V C RE" be two finite sets and Ay € RE™<E" be generated as
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described in section 3.2.1. For 0 < p < 1 being fized, Ag is an e-stable embedding of (U, V)
with

mn2(log p+ 1+ log |U| + log |V])

C1 mianU,yEV HX - YH%
X7y

(3.9) €=

)

which holds with probability at least 1 — p, where ¢y > 0 is a constant.

Proof. The proof is presented in Appendix C. |

In the above theorem, we note that the performance of the stable-embedding depends on
the pairwise distance between two classes U and V' and the total number of measurement K is
not directly revealed there. Theorem 3.4 is of particular interest when the minimal energy of
signal difference between two classes U and V scales to the number of measurements K, i.e.,
mingepyyev |x — y||3 ~ ©(K). Whenever such an assumption is valid, it is straightforward to

see thzt }émbedding performance will keep improving with increase of K.

As a matter of fact, this assumption can be satisfied for many common classes of signals,
akin to the notion of “favorable signal class” proposed in [21]. Specifically, for video signals and
frequency-sparse signals satisfying additional assumptions, it has been justified numerically
and theoretically in [21] that the energy of the signal difference ||x; —y;||3, i = 1,..., K, tends
to be uniformly distributed. In other words, we have ||x — y||3 = Zfil Ix; —yill3 ~ O(K).
We refer the readers to [21] for details and more examples. The following corollary summa-
rizes the previous discussion, which explicitly reveals the effect of K towards the embedding
performance.

Corollary 3.5. Let U,V C RE™ be two finite sets and Ay € RE™E" pe generated as

described in section 3.2.1. Assume that minkepyev ||x — y||3 ~ O(K). For 0 < p < 1
- X7y
being fized, Ay is an e-stable embedding of (U, V') with

mn?(log p + 1+ log |U| + log |V])
3.10 =
( ) € \/ o K2 ’
which holds with probability at least 1 — p, where co > 0 is a constant.
Indeed, an analogy of the classical JL lemma can be derived from Corollary 3.5 by con-
sidering a finite set U satisfying the assumptions. Setting m = 1, Corollary 3.5 essentially
claims the existence of an e-stable embedding for (U, U) which maps U to R¥, provided that

K ~ @(7”102“(]‘). Note that this result can be regarded as a JL lemma-type result for se-
quential embedding of a sequence of signals. Furthermore, rather than being a pure existence
result, as in the classical JL lemma, this result provides a randomized method to realize such
a stable embedding.

It is possible to apply them to various applications for signal processing in the compressed
domain, where the stable embedding result plays a pivotal role [5]. For example, one may use
the above theorems to generalize results in [5], for performing classification based directly on

compressive measurements.
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3.2.4. Performance bounds for the CMLE. We consider a performance analysis for the
proposed CMLE in (3.2), with estimate (Ag,f) for true (A}, f*) evaluated via the risk func-
tion

A B At g L (IE=f2 Az —ALlr
(3.11) R({Ag, t},{ALf7}) = o T % :
g KA\ £ |ALlF

Note that the above risk function calculates the average total-estimation error per measure-
ment, where the error terms for both the signal and the sensing matrices have been normalized.
The adopted risk function measures the average recovery error per measurement. Although
small average error does not necessarily lead to small total recovery error, the employed risk
function reflects the general recovery performance of the sensing system and serves as a mean-
ingful evaluation criterion. We assume that {A%},f*} are drawn from a distribution whose
support satisfies assumptions (A1)—(A3), and we present a performance guarantee for the

CMLE which quantifies the expected risk bounds with respect to that distribution.

Theorem 3.6. Assume the perturbation level e; < /2 —1, and let ¢ & (1+e)(1+e€)?—1,

where € is an arbitrary constant in (0, ﬁ —1). With assumptions (A1)—(A3) and the

designed sensing matriz Ag generated as described in section 3.2.1, the expected risk function

between the true signal {A%,£*} and the estimate {Ag,f} output by the CMLE in (3.2) is
bounded by

(3.12)

E[R({Ap,f}, {AL, 7))

2mK A
S]E{\/Cl min {(m ((1+e’)|f—f*|§+K2I2|AE—A*E|2F)+2pen(f)+2m>}

{Ag,f}er cl K
. 2K3mI HAE”F €1
Ci (2P Ap —AL|2+2 Co—>—
+\/ N e At o Ay
with probability at least 1 — 55 — e - exp ( — Crln—iﬁg), where

P == f =
max pen(f), C1

< ny/m(1l+ e) 4Un >
(1-e)IKVEK K2I’(1—¢))’

Cy = 4V[?L " and ¢y > 0 is a constant. The expectation is taken with respect to an arbitrary

joint distribution of {A%;, f*} whose support satisfies assumptions (A1)—(A3).
Proof. The proof of the theorem is presented in Appendix D. |

Similarly, we also establish a performance bound for the relaxed-CMLE in (3.5).

Theorem 3.7. Assume the perturbation level e; < /2 —1, and let € dof (1+e)(1+€)?—1,

where € is an arbitrary constant in (0, ﬁ —1). Fiz 7y > 2 and 1o > 0. With assumptions

(A1)—(A4) and the designed sensing matriz Ay generated as described in section 3.2.1, the
expected risk function between the true signal {A%,,f*} and the estimate {Ag,f} output by
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the relaxed-CMLE in (3.5) is bounded by

(3.13)
E[R({Ag, f},{A%,£°})]

2mK
<E{\/01 i {(’” <<1+ef>|f—f*|%+K2I2|AE—Ag|%>+npen<f>+m||AE||F)}

{Ag,flel’ cl
[ 2K3mI .
+ \/01 (nP + Jnin { |Ap — A%|% + 7-2|AE||F}> + Oy ||A B }
K 1+e
with probability at least 1— 2% —e-exp ( A ), where P = max¢er, pen(f), C1 = ((n\f)(IK\})__,_

Un
K?iéu_a))’ Cy = \/K_

arbitrary joint distribution of {A%;, f*} whose support satisfies assumptions (A1)—(A3).

Proof. The proof of the theorem is presented in Appendix E. |

Theorems 3.6 and 3.7 provide quantitative performance characterizations for the CMLE
algorithm with respect to the number of measurements K. According to both theorems, when
the assumptions are valid and m,n, K are fixed, the performance of the proposed CMLE is
governed by two factors. The first is the perturbation level €1, and the CMLE has been shown
to be robust in expectation to a perturbation on the sensing matrix. Namely, a perturbation
€1 on the sensing matrix can only result at most in a proportional perturbation CQE[” A, ”2]

, and c1 > 0 is a constant. The expectation is taken with respect to an

on the accuracy of the estimates. The other factor is the two minimization terms in (3. 12)
which represent the minimal error one could ever achieve over all the candidate estimators
in . As we discussed in section 3.1, the set I' is designated as a quantized version of the
continuous domain and the quantization step QS(I") asymptotically approaches to zero with
the increase of K. Therefore, we may always practically assume that the true signal {A%,, f*}
is contained in the candidate set I' when a large enough K is considered. In particular, we
summarize this scenario for Theorem 3.6 as the following corollary (similar argument applies
for Theorem 3.7), where the two minimization terms are replaced by bounded terms.

Corollary 3.8. Assume the perturbation level €1 <V2—1, and let ¢ o (1+e)(1+e€)? -1,
where € is an arbitrary constant in (0, (1+61)2 —1). If the true signal {A%;,£*} is contained

in ', together with assumptions (A1)—(A3) and the designed sensing matriz Ao generated as
described in section 3.2.1, the expected risk function between the true signal {A%;, f*} and the

estimate {Ap, £} output by the CMLE in (3.2) is bounded by

(3.14)  E[R({Ap, T}, {A} £})]

E{\/C’ (zpena*) o[22l +\/01 (2p+ {L2EE D) 400 ”2}

c12K
mn#

[ nym(l+e) 4Un
@@= ((1—6)1K\/_ K?12(1 ,)),

with probability at least 1 — 2+ — e - exp ( — ), where P = maxger, pen(f),
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Cy = 4va " and ¢y > 0 is a constant. The expectation is taken with respect to an arbitrary

joint distribution of {A%,,f*} whose support satisfies assumptions (Al)—(A3).

When large enough K is considered, the set I' essentially represents a dense quantization
of the underlying continuous domain, and the performance bounds derived are asymptotically
valid for the case that CMLE is performed over some continuous domain I'.

The coefficients C and Cy are clearly decreasing functions of K, via which it has been
suggested that the performance of CMLE can be potentially improved by increasing the num-
ber of measurements K. This result has rigorously justified the intuition that reconstruction
quality enhances when more measurements are available; a similar phenomenon under the
Gaussian measurement model has been observed and justified in [21]. By unifying the esti-
mation of the true sensing matrix and signals, the accuracy of the estimated sensing matrix
improves with increasing measurements, thus enhancing the signal-recovery quality. Fur-
thermore, more-accurately estimated signals simultaneously lead to a better learning of the
true underlying sensing matrix, and these complementary relationships advance to promising
overall performance.

Via Corollary 3.8, it also suggests a convergence rate when one is seeking the unique ground
truth {A%, f*} via CMLE or relaxed-CMLE. Since C; and Cy are multiplied with bounded
terms, it is straightforward to observe that the convergence rate is of @(#), provided that
m,n, e are fixed. This convergence rate also applies to the case when the support of {A%,, f*}
is discrete and is contained in T'.

Moreover, we note that it is undesirable to derive a performance bound by repeatedly
applying the single measurement result in [24] for each individual measurement, which claims
a performance bound valid with probability p for recovering a single measurement. This simple
strategy would yield a bound for recovering multiple measurements valid with probability
p, and this probability decays to 0 with increasing number of measurements K, thereby
eventually invalidating the derived performance bound.

3.3. CMLE algorithm. In practice, it is easier to conduct a continuous-domain opti-
mization than to search over a discrete set. Hence, we extend the proposed CMLE with a
continuous version,

(3.15)  (Ap,f) = argmin {—log Pois[y; (Ag + Ag)f + A] + 71 pen(f) + m||Ag|r}
Agpf

such that Ap=1xg@®p, Py+Pp>=0, >0,

where the two regularization parameters 7 and 79 on pen(f) and ||Ag||r are incorporated to
accommodate any inaccuracies on the signal energy level I and the perturbation bound e¢;.
Practical pen(-) choices include the [, norm ||-||, for p > 1 and the TV norm [26] ||-||rv. In these
cases, 71 can also act as a scaling factor, to ensure Kraft-inequality compliance, as assumed
in the previous theorems. Suitable parameters 7 and 7 can be empirically determined via
cross-validation. It is straightforward to see that (3.15) is a continuous version of CMLE and
previous performance bounds in Theorems 3.6 and 3.7 may still apply when the candidate set
I" is chosen as a countable set of the continuous searching domain.

We express the objective of (3.15) in terms of ® in the following equivalent manner. We

define F if1,...,fx], Pt [f’l,...,f}{], y & [Vi,.- YK, A dof 1) @ u. Then (3.15) is
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equivalent to

(3.16) (®,F) = argmin {— log Pois[Y; ®F + A] + 71 pen(F) + 7||® — ®¢]|r},
$>0,f>0

which can be solved efficiently via an alternating proximal-gradient method. Specifically, we

define the data-fitting term as ¢(F, ®) def log Pois[Y; ®F + A]. In the (¢ + 1)st iteration, we

solve the following two subproblems sequentially:
(1) updating F*:
t

) . . L .
(3.17) F1 — arg min <VF€(Ft, $'),F - Ft> + 71 pen(F) + 7f||F — B2,
F>0

(2) updating 3"

. . . . Lt .

(318) @ = argmin (Vol(F,8),@ - ) + 72| @ — ol + 2@ — @[},
-0

where Ll} and Lfb are local Lipschitz constants. Notice that by fixing either F or ®, ((F, ®)

is a self-concordant function [27] of the other variable, for which an optimal step-size [27] is

available. Details of the alternating minimization steps are summarized in Algorithm 1.

4. Bayesian model for real systems: Poisson-Gamma model. The performance of the
proposed CMLE is guaranteed by the previously derived performance bounds. However,
the proposed CMLE algorithm relies significantly on tuning the parameters 7 and 7, and
an inconvenient cross-validation procedure is required to adjust these parameters. Further,
extra effort is demanded for a separate learning of the dark-current, u, whose estimation
(in)accuracy may also affect final results. Towards this end, we also propose a Bayesian
model, in which u is inferred jointly with {f;} and ®, and the procedure of tuning parameters
becomes unnecessary (we do have to set model hyperparameters, but the results are stable
for a wide range of “reasonable” settings). If an estimate of the mean of u is available, it may
be used in the prior, but such prior knowledge of u has been found unnecessary in practice.

We propose a Poisson-Gamma (PG) [36] Bayesian model:

vk~ Pois(®f; +u),

f. ~ H;LZI Gammal( fy, ;3 of, B),
®;; ~ Gamma(®;;;BePoj, Ba),
u  ~ [[Z, Gamma(ug; o, Bui),

(4.1)

where {ay, B¢, Bo, i, Bui} are hyperparameters and fi ; denotes the jth entry of vector fj.
Note that the gamma priors are now playing triple roles:

(a) Shrinkage priors are imparted on fj to impose sparsity (the signals are indeed sparse
in our problem; refer to the top row of Figure 4) by setting {ay, 8} in a way that the
gamma distribution concentrates at zero, with heavy tails. Specifically, we set oy = 1
and By = 1076,

(b) The mean of the gamma prior on the sensing matrix is set equal to our initial estimation
®( (used in its original design).
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Algorithm 1. Collaborative MLE (CMLE).

Input: ®(, u, Y, initial signal estimators FO, T1, T2
Output: Sensing matrix estimator ®, signal estimator F

1
2
3

4:
5:

10:
11:
12:
13:

: Initialize sensing matrix estimator ® < ®
1+ 0
: while stopping criteria not met do

//Update F?
Compute search direction d « Pn/L} (Ft — Vpl(F, @t)/L?) — F!, where Pry/L; is the
proximal projection operator depending on the specific pen(-).

L3 o
f F 9 1Tw2 ’
falealerLrargye Where [[dlff = d* V£, ®)d.

Compute optimal step-size a =

Fitl « Ft + ad.
//Update ®
. . At . At Lt
Compute search direction g + QTQ/L; (® — Val(F'T &) /L}) — &, where
FI i
Qryy,(®) = | B0 + —————— - S, (| & — B[ )
/L & — ®oflp
r—a, T>a,
And So(w) = { 0 otherwise.
Compute optimal step-size 8 in the same way as computing a.
<t At
P P + g
t<«—t+1.
end while

(c) A diffuse prior is imposed on u, i.e., {ay; = Bu; = 1075}, As discussed earlier, it is

possible to estimate the dark-current by taking measurements for which it is known

f, = 0, i.e., for these “off-line” measurements yj ~ Pois(u). From such measurements

one may estimate u, with the estimate denoted by ug. In this case it is appropriate

to set ay; = 1 and f,; = 1/ug;, where ug; is the ith element of the dark-current ug
estimated (i.e., E(u) = uy).

Inference for the PG model involves an augmentation scheme [7], introducing latent vari-

able ¢ € R+ it

;i friyni i1
.. — SELNL LN _ n:
gk,ld Z;zzl ?i,jf}c,j"‘ui ) ) PU2)
Uiy, i
gk,i,n-{—l

n - A P
j=1 Pi g fre,j+ii

We have developed both Markov chain Monte Carlo (MCMC) sampling and expectation
maximization (EM) inference methods, with details provided in Appendix F. The update
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equations of {fk}ff:l, &, and 0 in the EM inference are

~ m +
frg = [EESELT] vh= 1K= L = L
(4‘2) (i)z ;o= |:B<1><I>0,i,j+21?:1 §k,i,j—1} + 7
’ Bo+> 1—1 [k,
,&, — |:au,i+2£(:1fk,i,n+1_1:|+
v Bu,z+K )

and we refer to the proposed Bayesian model with EM inference as the EMPG algorithm.

4.1. Connections to other methods. The Bayesian and optimization-based methods are
closely related, especially when a point estimate (e.g., EM) is used. Let © = {®, {f;}X_ u}
denote all the variables to be inferred. The log-posterior of the PG model may be expressed
as

(4.3) log p(O®{yr }izy) = D log (Pois(®f), + 1)) — B > [|fills
¢ k
+ (o = 1) Zlog Tk — Ba Z D5+ (BoPosij— 1) Zlog ®; ;
2

k.,j i,J

- Z Bu,iv; + Z(au,i — 1)log u; + const.
i i

Note in (4.3) that the ¢; penalty is inherently imposed on fi, and the third term accounts
for the overdispersion [35] effect of count data in a variety of real applications. Interestingly,
when ay = 1, (4.3) provides the same formulation as CMLE with the ¢; penalty, and 3¢ plays
the role of 71 in (3.15). However, in CMLE, a tuning of the parameter 7; is needed, while for
the PG model we can readily infer 8y via a conjugate prior (gamma distribution) if desired.

Beyond the Poisson measurement model considered in this paper, the PG model also
connects to other existing algorithms. Recall the update equation of fg’j in (4.2), and notice
that if we fix u=0, ay =1, By =0, it is equivalent to

Zm (i)i,jyk,i

. . =13 &, . f, -

(4.4) fﬁ,j — f;ﬁ,j : EJ Azyjfkyj )
zz‘:1 (I)i,j

where the superscript ¢ indexes the iteration of the inference. Equation (4.4) is the same
multiplicative update as in the Richardson-Lucy algorithm [25], a classical image-deblurring
method. It has also been noticed in [36] that (4.4) is closely connected to nonnegative matrix
factorization guided by a KL-divergence-minimization criterion, i.e., ming ¢ KL(y||®f) [17].
In addition to these methods, the PG model is able to accommodate a sparsity assumption
on {f’k}szl as previously explained, thereby exhibiting more flexibility. Compared with a
recently proposed gradient-descent based method, Spiral-TAP [10], multiplicative updating is
erempt from step-size searching, which is costly yet irreplaceable in balancing the algorithm
convergence and speed. In the experiments, we have noticed that each iteration of EMPG is
much faster than that of CMLE, due to the omitted step-size searching.
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5. Experiments. We present results on both synthetic and real data. As a baseline, we
compare the proposed algorithms with an estimator that assumes ®( is the sensing matrix,
1gnoring perturbation ® . We refer to this as a “degraded” estimator, allowing assessment of
how uncertainty in the sensing matrix affects performance, if it is not accounted for. For the
“degraded” estimator, we consider an MLE solution, denoted by dMLE, in which we skip the
update & step in Algorithm 1; the dMLE algorithm provides a fair comparison with CMLE,
connecting theory and experiments. For the synthetic data, since ground truth is available,
we also compare with the oracle estimator, which knows the ground-truth sensing matrix ®*

exactly. The simulated perturbation matrix ®p is generated by uniformly drawing entries

PEllr
5 = I®elr
T®ollF

normalized mean square errors (R) of ® and fj, are performance metrics

from a small interval (0, ] around zero, with set within a given experiment. The

af 1@ —@*||F dcf 1 £, — £5]]2
(5.1) Rp & 122 IF A
K ||®*|F Z [1£5:1]2

consistent with the risk metric in (3.11). The code was written in MATLAB and executed on
a 2.6GHz CPU with 4GB RAM.

5.1. Synthetic data: Consideration of the CMLE theory. We first verify the theoretical
properties of the CMLE algorithm, considering the special randomized sensing matrix ®( de-
veloped in the theory of section 3.2. The ®¢ € ]R%OX 1000 i5 drawn from the shifted Rademacher
distribution, as described in section 3.1, and we consider here 6 = 0.3 and 0.5. Each signal
£, € R is sparse (with 1% nonzero entries) and has a fixed intensity || = 10%. For
each fi, the corresponding measurement yy is generated by yj ~ Pois(®f)) (assuming no
dark-current in this experiment). To verify the effect of multiple sets of measurements, we
vary K from 10 to 370. The calculated risk functions R, R, and Ry are averaged over 100
trials. The ¢1 penalty is selected to capture the sparsity of fi. The regularizers 7 and 7
are cross-validated; i.e., they are chosen such that the Ry is minimized on a smaller training
set. We compare R; for CMLE, dMLE, and an oracle estimator. Both dMLE and the oracle
estimator fix their knowledge of the sensing matrix and recover each signal separately; for the
oracle estimator, the sensing matrix ® = ®3+ ®p is assumed to be known exactly, where for
dMLE, ® is ignored. By contrast, CMLE jointly estimates ®5 and the underlying signals
{f;.}. Figure 2 demonstrates that R, Re, and Ry associated with CMLE constantly decrease
as K grows, consistent with the performance guarantees in Theorems 3.6 and 3.7. Moreover
it can be observed from Figure 2(a) that log R asymptotlcally exhibits a decay rate of ©(=; )
with respect to log K, and this coincides with the @( 57 —L ) convergence rate suggested by The-
orems 3.6 and 3.7. Figure 2(c) compares the R from all three estimators. CMLE consistently
yields smaller Ry than dMLE and approaches the oracle estimator for large K.

5.2. Synthetic data: A realistic scenario. We next consider a more realistic scenario to
verify the efficacy of the PG model. In real applications, the sensing matrix ®7 may not
be designed as described in section 3.1, and a significant amount of dark-current may be
present. We generate ®g € ]R‘Z’FOXIOO by randomly setting half the entries to nonzero, with
nonzero values distributed uniformly over [0, 1], and generate ®p via § = 0.3. Each {fz}3°
is generated by concatenating several bell-shaped curves of different bandwidths (examples
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Figure 2. CMLE performance with varying number of measurements, K. (a) Logarithm of risk R decreases
roughly linearly with respect to log K, and the two dashed lines (labeled “linear fit”) are of slope —3/4. (b) Re
for CMLE. (c) Ry, with comparison between CMLE and dMLE.
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Figure 3. Comparison of EMPG, MCMC-PG, and CMLE on synthetic data: (a) Example ground-truth
signals. (b) Reconstruction of one example signal by MCMC-PG and EMPG. For MCMC-PG, we obtain the
mean values of the collected samples as well as the confidence region defined by the standard deviation (std) of
these samples. (c) Reconstruction of one example signal by EMPG and CMLE. Via CMLE, a small deviation
of 11 (e.g., 5 x 1072) from the optimal 7 = 1072 gives inferior reconstruction.

shown in Figure 3(a)). This introduces variation in the signal smoothness and results in
nontrivial tuning of 71 in CMLE. We simulate the noisy measurements by yx ~ Pois(®f); +u),
where u = 100 x 159 is unknown to the algorithms. Both CMLE and the Bayesian inversion
methods have access to an MLE of u from 30 measurements of the empty system (no input
source), i.e., 4 = % Ziozl ug i, where ug ; ~ Pois(u).

Both MCMC and EM inference of the PG model provide effective reconstruction results
(Figure 3(b)). In MCMC, we collected 1000 samples after discarding the first 5000 samples as
burn-in. Via these collected samples, we obtain not only the mean estimated signal but also
the confidence of the estimation, where here the measure of confidence is quantified via the
standard deviation shown in Figure 3(b). The EM-based solution requires only 500 iterations
to achieve comparable results, but it does not provide a measure of confidence in the point
estimate. Each iteration of the EM and MCMC inference methods takes about the same CPU
time (~ 8.1 x 1072 seconds); we use EM-based inference for the PG model in the rest of the
paper.

We have found that the PG results are insensitive to initialization of the dark-current and
do not require its off-line estimate (via the measurements of the empty system), while this
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Figure 4. Top: Reconstructed two-dimensional input signal (a cropped region of interest) by EMPG.
Bottom: extracted spectrums (corresponding to the strongest row in the two-dimensional image). The dMLE is
CMLE-based but ignores the perturbation of the sensing matriz and performs K inversions independently.

estimate was found to be crucial for CMLE. A TV regularization [26] is adopted in CMLE,
imposing smoothness of the signal, and {7, = 1072, 75 = 10*} are chosen such that the smallest
Ry (defined in (5.1)) is achieved. Parameters B¢ = 1000, o, ; = 1, and fS,; = 1/ug; are
utilized in the PG model. We observed that the values of 71 and 7 significantly impacted the
CMLE performance (Figure 3(c)). Tuning these two parameters is challenging, particularly
when the signal smoothness varies. Therefore, the Bayesian model is a better choice than
CMLE in these realistic cases. We emphasize again that the PG model does not need to
tune parameters (with appropriate hyperparameter settings, to which the results were found
relatively insensitive), and thus PG saves much computation time. Each iteration of EMPG
and CMLE takes 8.1 x 1072 and 2.3 x 10~! seconds, respectively. The Ry achieved by CMLE
and EMPG are 0.3007 and 0.2343, respectively. One example signal and its estimates by these
two methods are shown in Figure 3(c), providing a representative demonstration that EMPG
outperforms CMLE in this realistic CS scenario. Based on these simulated experiments, for
the real data considered next we perform inversion with the PG model, based on EM inference.

5.3. Real data: X-ray scatter imaging. Recalling Figure 1, the X-ray system considered
recovers both spatial (depth along the z-axis) and spectral (manifested by the momentum-
transfer spectrum) information of the material. Therefore, the input signal has two degrees of
freedom and can be considered as a two-dimensional image Gy € RileS, where d; = 27 and
ds = 101 are the number of quantized grids in space and spectrum (n = 2727), respectively.
The measurements are expressed mathematically as in (2.1), where fj is defined as Gy.

In each compressive measurement, a small piece of material (i.e., a point object) is placed
in the system, occupying approximately a single spatial grid point. This results (ideally) in a
single nonzero row in the two-dimensional image of Gy, for which example reconstructions are
presented in the top row of Figure 4. In each of these images, we see that the signal intensity
is indeed concentrated near one point.

These most intense rows are extracted and considered as the reconstructed spectrums for
the materials. The spectrum obtained in this manner is denoted as §; € Rd“", and it ideally

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/18/15 to 152.3.214.244. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

MULTIPLE COMPRESSIVE POISSON MEASUREMENTS 1941

resembles the reference spectrum sy, from a spectrum library (this reference library is measured
separately for each material, using a conventional X-ray diffraction sensor). The correlation

COITE = ”Sj{% between §; and sj is employed as a performance metric.

We collect K = 25 measurements, and for each we place different materials in the system
or the same material at different depths; for each the measurement dimension is m = 2679.
The mean of the dark-current u is obtained from measurements with an empty system (no
material placed in the machine). Note that while here m is only slightly smaller than n, and
hence the system is only slightly compressive from that standpoint, the significant advantage
is that the sensor does not have to sequentially scan the spatial dimension, markedly speeding
sensing. We make comparisons to dMLE, CMLE, and EMPG. The dMLE assumes perfect
knowledge of the designed sensing matrix, the ®( for which the system was designed, ignoring
the perturbation ®g. Since the sensing matrix is not estimated in this case, each of the K
inversions is performed independently. The poor quality of these results were the motivation
for the work reported in this paper.

A two-dimensional-TV regularizer [26] is used within CMLE to impose smoothness in
both spectrum and depth; setting 71 = 0.02 and 7 = 10% yields the best results. For the
PG model, shrinkage priors (af = 1, B = 1079) are imposed on f, and By = 1, o = 1,
Bui = 1/ug;. In fact, we observed that PG is not sensitive to these parameters. Figure 4
shows the reconstructed Gy (5 representative examples selected out of 25) by EMPG and
compares the estimated spectra §; with other methods. Since the material occupies only one
spatial grid, we can locate it by finding the strongest row in the two-dimensional image Gy
(thus estimating the depth); normalizing this row gives us §; (the bottom row of Figure 4).
Table 1 summarizes the correlation between the reference spectrum and the estimates by each
approach. From the spectrum plots and correlations, we see that both CMLE and EMPG
achieve marked improvements over the degraded estimator, and EMPG consistently performs
the best. Furthermore, from the second row of Figure 4, we see that EMPG is more capable
of capturing the peaks of the spectrum.

Table 1
Correlation between §i (estimates) and sy, (reference).

Methanol Al H>0- HDPE Teflon
dMLE 0.9436 0.4190 0.9549 0.6906 0.7256
CMLE 0.9572 0.4299 0.9661 0.7100 0.6991
EMPG 0.9796 0.4356 | 0.9713 | 0.7321 | 0.7312

Considering Figure 4, results are plotted as a function of momentum transfer, which we
wish to relate back to the experimental system and model, as discussed in section 2. Recall
that the relationship between the lattice spacing d, excitation energy F, and scatter angle 6 is
given by Bragg’s Law: q = % = %sin(@ /2). The expression ¢ = 1/2d is called the momentum
transfer. For each value of ¢, the variation in F across the source bandwidth yields a curve in
the (F,0) space. The intensity of each of these curves is inferred as a function of ¢, and these
g-dependent intensity curves are plotted in the second row of Figure 4. The intensity of the
signal as a function of momentum transfer ¢ is used as a signature of the material (a given
material is characterized by the intensity with which each momentum transfer is manifested).
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6. Conclusion. We have developed collaborative reconstruction algorithms for multiple
compressive Poisson measurements to address the physical perturbations of sensing matrix
in real systems. The signals and measurement matrix are jointly estimated. The CMLE
algorithm has first been proposed. A new concentration-of-measure result has been estab-
lished, and its theoretical applications on the linear multiple-measurement model have been
presented. Theoretical performance guarantees for the proposed algorithm have been estab-
lished. In order to improve the flexibility and robustness, we have also developed a Bayesian
model to jointly estimate signals, dark-current, and the sensing matrix, where tuning of pa-
rameters via cross-validation is unnecessary. We have demonstrated in our experiments that
both the CMLE and EMPG algorithms achieve promising results, while a superior perfor-
mance of the Bayesian model is suggested in realistic scenarios, such as the actual X-ray
scatter imaging system we considered.

Appendix A. Proof of Theorem 3.1.

Proof. Let y def Aof Define L % XX T, where x & [fl,fg, ..,fx]. We have |yl =

oy ¢ZTL¢“ where zp, is the ith row of . Consider the eigendecomposition of L = VI DV,
with V being orthonormal, where D = diag{\1,...,\,}, and let w; = Vp,; then we have

(A1) I3 =D Ly =) ¢/ VDVy; =) w/Dwi=3 > Muj,
i=1 i=1 i=1 j=1i=1
where w;; denotes the jth component of w;. The expectation of ||y[|3 can be calculated as
(A-2) Ellyll3] =) > ME] =D A = te(XX") = |1f]I3,
j=11i=1 j=1

where we use the fact that E[wizj] = E[(X 5, Vikvw)?] = L3704 ]k = L. Hence, we can
derive the following expressions:

(A3) Pyl = IE13] > elf13) =P (Jllyll3 — Elllyl3]] > €ll£]3)

(A.4) = Z ZAw E | > Awd| || > elfll3
j=1

i=1
> E||f||2>

where s; def Z?Zl )\jw?j and the probability measure is associated with W. Note that L, A;,
and V are deterministic and %;, i = 1,...,m, are random vectors.
Consider

(A.5) =P (

W={w|lw =V, i=1,...,m, and V is associated with all f € A},

and define a map ¢ : W — R by ¢(w;) — Z?zl )\ngj, where )\;, ¢ = 1,...,n, are the
eigenvalues corresponding to the eigenmatrix V that is associated with w;. Equip W and R
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with the Hamming distance and Euclidean distance, respectively, where the Hamming distance
between u € W and z € W is defined as [u—z|g = > ; (1 —0dy,—»,), where ¢ is the Kronecker
delta function. By our assumption that A is at most countable, we can generate at most
countably many V from A. Thus W is countable at most. We first show that the map ¢ is a
Lipschitz map. For all u, z € W, we have

|¢(u) |—§:A uj = )
(A.G) < Z:Aj |(uJ

<LZ _uJZJ

= Ln|u —z|p,

where L, is a constant depending only on n and (A.6) follows from the fact that W is a
bounded space as ¥ and V are bounded. Hence ¢ is an L,-Lipschitz map. Together with
the fact that W is at most countable, by the main theorem in [15], we have the following
concentration inequality on ¢:

(A7) P(lo(wi) — Elp(w)]| > £) < 2e5¢ ¥t >0,

where C is a constant. The result is remarkable since that one does not require w; € R"”
to have independent entries, and this result may serve as a generalization of the well-known
McDiarmid inequality.

By the concentration inequality (A.7), we may conclude that s; = ¢(w;) is a sub-Gaussian
random variable by its definition. Moreover, s;, i = 1,...,m, are independent sub-Gaussian
random variables. Via the Hoeffding inequality for sub-Gaussian random variables [28], we

have
2 f 4
> e||fu2> <e-exp (—}—”m”?) ,

(A8) (

where c3 > 0 is a constant. B % max; llsillo, and || - ||o is the Orlicz norm [28].
By the property of Orlicz norm [28], we have the following bound for all |s;||o, i =
1,....,m:

(A.9) Isillo < con,

where c5 > 0 is a constant.
Combining this bound with (A.8), we have

(A.10) Em: ) > elf2 ] <e-ex _acliflly
. - 5] < P " .
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Note that above result is equivalent to the statement of the theorem. [ ]

Appendix B. Proof of Corollary 3.2.
Proof. Applying Theorem 3.1 to the vector f — g, we obtain

~ 6/62 f— 4
P ([IAo(t ~ )1 I - elf] = el - gl3) < c-exp (- 2L

mn?2
/2 4 2
Cle ||f - g”l . 616 K
(B0 = e-exp <_ mK2n4 Teep\ T T )

where (B.1) follows from the fact ||f — g2 > % and the assumption QS(T") > ;—%. Notice

that we have ||f —g||1 > &1 K 1. The above inequality is equivalent to the statement that
(B2) (1= e)llf —gll3 < [ Ao(f —g)lI3 < (1 +¢€)l|f —gll3 V€T,

with probability at least

2
aeK
B.3 1—e- — . [ |
( ) e exp( i >

Appendix C. Proof of Theorem 3.4.

Proof. For x € U and y € V, apply Theorem 3.1 to vector f = x —y. By the product
rule, we have that the demanded e-stable embedding holds for all x —y with probability at
least

(C.1)
2l — |4 2lx — |4
H [1_e'eXp (_016 |x 2Y||2>} S1- Z [e-exp (_c1e [Bs 2Y||2>}
xeU,yeV min xeU,yeV mn
TEY zFEy
0152 mianU,yEV ”X - YH%
(C.2) >1—|U||V] |e-exp | — 7y

mn

Equate the right-hand side of above inequality to 1 — p, and solve for e. We have

mn?(log p+ 1+ log |U| + log |V])

C1 mianU,yEV ||X - Y||§l
x#y

(C.3) €=

Hence, we have proved the claim. [ |

Appendix D. Proof of Theorem 3.6. In order to prove Theorem 3.6, we also need to
establish the following lemmas, which will be useful later.

Lemma D.1. Consider G € R™" and G ¥ 1y © G. Then IGllz = |Gz, where || |2
denotes the operator norm.
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Proof of Lemma D.1. By definition, we have

(D.1) IGI3 = sup [Gx|3
lIxl2=1
k
(D.2) = sup Z |Gx;|3,
lIxll2=15=7
where x & (xT, ..., xE)T € RE™. Since [|Gx;||2 < ||G||3]|x:]|3, we have
) K
(D.3) IGIE < IGI3 sup Y [Ixill3 = 1G] sup [x]3 = |GI3.
Ixll2=15=1 l[x[l2=1

Conversely, consider y* with [[y*|[2 = 1 being a vector such that ||G|[2 = ||Gy*||2. By letting
x; =y" and x; =0 for i = 2,...,k, we have ||G|j2 > ||Gl|2. Hence ||G||2 = ||G||2. [ ]
Lemma D.2.

2EA~ g llog ! —
S /Pyl A€ + N)p(y|At + N)du(y)
A
< Epx g [ min {KL(p(-|(Ao + AL+ N)|p(-|(Ap + Ag)f + X)) + 2pen(f) + 2MH ,
{Ag,f}el K

where v is the counting measure on ZX™, XA = 1 ®u is the known dark-current, and KL(-||-)
denotes the Kullback—Leibler distance. The expectation is taken with respect to an arbitrary
joint distribution on {A,f}.
Proof of Lemma D.2. The proof is based on the techniques as in [18]. Denote pa g« def
* ) o def P def
p(yl(Ag+A%)Ef* +X) and par = p(y|(Ao+Ag)f+A). Define H(A*f* Af) = | \/Pare-pagdv
as the Hellinger affinity. We have

(D.4) A
ST o~ pen(f)—1AElE . A i
2log ————— =2 Dag/paree 0 +10g P2 19 pen(f) + 2 1A2IE.
H(A*f*, Af) H(A*F*, Af) Dap K

The right-hand side of above equation can be bounded above as

S Tpmege—pen(®)—LAELE . . JA
2log Pap/PAT-C — + logpA—f + 2pen(f) + 2w
H(A*f*, Af) PAf K
AR F ~
VPat/pasg-e P =R DA*£* . |AglF
D.5 < 21 I 2 f 2 .
(D.5) < 2log Z H(AT, AD) + log Par + 2pen(f) + %

{AE,f}EF

Notice that the argument of the expectation in the left-hand side of the claimed inequality
is only a function of A} and f*. Hence, we have Ep«g[-] = Eax¢<[Ey|a«¢-[]], where
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Py—yla= s = p(y|A™f* + A) € pacee and py— —ylaf = P(y|Af + X) = par. Via Jensen’s
inequality, we have the following bound for the right-hand side of the above inequality:

lAglp
V/pag/parg-e” P —r
EywA*f* log E

(AnTrer H(A*f*, Af)
_6_ pon(f)——HAf(“F i
: log{AZf:}el‘ H(AE*, Af) Eviace {”’Af/ pA*f*}
B L J
_6_ pon(f)——HAf(“F i
<log {Azf:}el“ HAT AT Ey |« e [\/pAf/pA*f*}
B L J
M IAEIF
= log Z e pen(f)—"—%
{AE,f}EF ) ]
<log Z {e_ pen(f)} <0.
fely

By the definition of {Ag,f}, we have

2| AglF
K

Ey|a« g [log "+ open(f) +
PaAt

. 2| AgllF
< Eyp- ¢ 1 2pen(f) + 2 —L1F
< Ey|a~f {{Argl’lfr}ler[og oAt -+ 2pen(f) + e
|AE||F]

(D.6) < min [KL(p(-[A*f*)Hp(-[Af))+2pen(f)+2‘ i

{Agp,f}er

Taking expectation on both sides of (D.4) and using the fact that Epx ¢« [-] = Eax ¢+ [Eya« g+ [ ]]
and (D.6), we have proved the claim. | X X
Proof of Theorem 3.6. Recall the definition A* = Ag + A}, and A = Ag + Ag. In

the proof, we use the following well-known relationships among matrix norms. For D €

def
R™*", we have |Dll2 < [[D[[r < v/m|D|2 and [D]2 < vmn|Dlmax, where ||D[lmax =

maxi<i<m, 1<j<n |Dij|. We first establish the following inequality via the triangle inequalities:
|A*E* — Afly = [|(Ag + AR)(F* — £) + (A} — Ap)f|ls
(D.7) > [[A(E —f)l2 — (A — Ap)f|2.
Hence,
|A*(£* = £)||2 < [|[A*F* — Af2 + [|(Af — Ap)f]s
(D.8) < JA*E* — Af|l; + [[(A* — Ay,

where (D.8) follows from properties of the L, norm. On the other hand, by Corollary 3.2, A
satisfies the RIP condition

(D.9) (L —olIf — 13 < |Ao(f — D)3 < (1 +€)lIf — £]3,
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with probability at least 1 —e-exp (— ﬂ) As ||fill = |Ifili =1, i=1,...,k, we have that

mn?

Ag=Ay+ diag{\/%lmm, cee ﬁlmm} also satisfies

(D.10) (1 —olIf — £[13 < | Ao(f — D)3 < (1 +€)lIf — £]3,

with probability at least 1 — e - exp ( Cl—ﬁnﬁg) Via the result for perturbed sensing matrix in

[11], we can derive the following expression:

(D.11) (1= —£I5 < JA(E D)3 < 1+ )IE - £,

with probability at least 1 — e - exp (— Clmﬁj) and € = (1 +€)(1 + €1)? — 1. Note that by

n4
our assumption on the choice of € in the statement of the theorem, we always have 1 — ¢ > 0.
Combining (D.8) and (D.11), we have the following inequality on the risk between the true
underlying signal {A7,,f*} and the estimate {Ag,f} output by CMLE, with probability at

0152K) .
mn? /°

least 1 — e - exp (—

L £ —£*]2 | |Ap — A%llr
g K| £*]2 K|ALllF
\/_Hf P N |Ag — A%llp
~ VK| f|; K| A%l
VAl |Ap - Ajlr
KVKI K| A%z
< Vnl|ATET — Af| N Vill(A* — A)f|y N |Ag|r + |AglF
- KVKIV1I=¢ KVKIV1=¢ K||A%|l2
o VAT — Af|, N Vill(A* — A)f| N VI(||Ag|2 + ||A%l2)
- KVKIVI—¢ KVKIJT—¢ K| A%z
A*f* — Af A* — A)f 2
KVKIV1—=¢ KVKIV1=¢ K HA l|2

where the inequalities follow directly from the triangle inequality, the properties of matrix
norm, and Lemma D.1, respectively.

We first work on the bound for the term ||A*f* — Af||;. We establish the following in-
equalities:

|A£* )1 < VEm|A* ||
< VEm| A 2]
< VEm||A* 2|1
(D.13) < KIVEm||A*|
< KIVEm| &
< KIVEm(||®ol|2 + || ®%]l2)
< KIVEm(1 + €)||®o]2,
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where various inequalities follow from the properties of matrix norm and Lemma D.1. Simi-
larly, we can show that

(D.14) |Af]|1 < KIVEm(1 + e1)||®0]|2.

We have

2
EFTN AR )

Km
| A% — Af|2 = (Z
=1

: ‘ (A*F* + X); + 1/ (Af + )

Km 2 2
(D.15) < WA ) - (AF+ N - ‘ (A*f* + X); + 1/ (Af + N);
i,j=1
Km — 2 .
(D.16) <23 VAT T A); —/(AE + )| - ((A*f* +N); + (AF + A)j‘
i,j=1
km
(D.17) < (KIVEm(1+ )| ®oll2 + 4KU) Y [V/(A*f* + X); — 1/ (Af + X);

i=1

where (D.15) and (D.16) follow from the Cauchy-Schwarz inequality for the vectors and
arithmetic-mean inequality [3]. Inequality (D.17) follows from (D.13) and (D.14).
Followed by the Bhattacharyya identity [1] and similar steps in [24], we can show that

(A*f* + X); Af—l—)\

>

i=1

(D.18) = 2log

:_mogHexp <__ [m NN ])

1
S \/pIAE + Np(yIAT + X)dv(y)

)

where v is the counting measure on Zf ™. By Lemma D.2, we have

1
S \/p(y A + Np(y| AT + N)du(y)

: e |AE|r
D.1 < Eax g KL(p(-|A*f -|Af 2 f)+2—
©19)  <Eace{ min [KLGUATE + NlpCIAT + X)) + 2pene) + 212207 1

QEA*J'* log
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and the KL divergence can be bounded as

KL(p(-|A™" + A)[[p(-|Af + X))

Km
(D.20) _; _(A £ + X); log AT TN, (A" + N); + (Af + ),
i) (A*F* + X);
D.21 < A ) (Ao T ) (AR )+ (A £ ),
LRI e (S 1)~ (AT )+ (AT )
Km
(D.22) = Z ﬁ[(Af + )2 — 2(Af + N); (A" + X); + (A*F* + A)?]]
o LA+ A)
(D.23) < %\\Af ~ A2
Km * * * *
(D.24) = T IIATE — ) - (AL — Ap)f’[l;
2Km " " "
(D.25) <= IAE -5+ (AL - A3
2K'm " X
(D.26) <= [+ OE - DIE + K21 A% - AplE],

where (D.21) follows from the fact that logt < ¢ — 1 for all ¢ > 0 and (D.26) follows the
properties of matrix norm. o

Now we try to bound [[(A* — A)f||;. Followed by similar steps from (D.15) to (D.17), we
have

Km 2
1A — B2 < (KIVEm(1 +e)|[@olls +4KU) 3 [\/(AE+A), - /(AE+ ),
ij=1

Via the Bhattacharyya identity, we derive

_ _zlogﬁexp <_% [\/(A*f"Jr)\)i - \/(Af+>\),-]>2

i=1

1

= 2log = — .
S \/p(y|AE + Np(y[Af + Ndu(y)

Followed by similar steps in the proof of Lemma D.2, we can establish
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2E px g llog = ! — ]
S \/p(y|A%E + A)p(y[AE + A)du(y)
|Ag|F

< Eas g in |KL(p(-|A*f |Af 2pen(f) + 2-———
<Bacge { in | [KLGUATE+ NlpCIAT +X) + 2pene) + 212207 | 1

and the KL divergence can be bounded as

KL(p(-|A*f + X)[[p(-|Af + X))

Km [ A
*p (A*f—i_A)l *
= A*f Jdog T (A*F .+ (Af ;
; (A*f + A); log XESY) (A*f + N); + (Af + )
Km T (A*f—l—)\)
D.27 < AN | 22 ] — (AF ), + (AF+ ),
(D.27) _;_( +)<(Afﬂ)i ) (A" + )i + (Af + )
Km - 1 . .
= e [(AF + X)7 — 2(Af + X)(A*F + ) + (A + A)g]]
P _(Af—I—A)Z‘
Km A
< " ||Af — A*f||?
<7 | 13
Km .o N
ZC—]IIA (f— )+ (A" — A)f|3
2Km */p 2 * 2
(D.28) < THA (=Dl + (A — Ar)flz
2Km oy *
(D.29) S—7 (L+E =D+ K*I*|AL — AglF|

Combining above derived inequalities, we have

. p |AE|F
KL(p(-|A*f + M||p(-|Af + \)) + 2 £)+2
{Arﬁlf?er[ (p(-] + A)llp(-|Af + X)) + 2pen(f) + %
. 2Km a lAE|F
D. < 1+ =2+ K2I2||A% — Agl|2] +2 f) 42—
(D.30) —{Arﬁlf?er[ i (T +€)I( iz + | el7] +2pen(f) + %

2K3mlI . |AE|F
D.31) < mi A% — Apll% +2 f) 2=
(D.31) AES%Q[ —IAL = Apllp + 2pen(f) + 27—
2K3mI lAE|F
D.32) <2P+ mi A% — Ag|%+2
(D-32) < +AE§%2[ o | glle + 27—

where (D.31) follows from the fact that the variables of the minimization argument are sepa-
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rable. Therefore, we derive

EAE,("* [R({AEv f}a {A* E>» f*})]
Vil AT — Al Vel(AT = A 2vme
KVKIJ1=¢ KVKIV1=¢ K| A%|l2

1 > AU

<Eaz ¢ [ | ®o]|2

(1-€e)IKVK K2I2(1—¢)

{Ag,f}er cl K

m/m(l +€1)H‘I>QH2 4Un . 2K3mlI HAE”F
-4 |2P Ay — Ag 2——
- \/( 1—VkvVE & KIP(1-¢) AN | Ie+2%

2\/m€1
+ =5 1 ®oll2 ¢
K|[AL 2

2K A
\/ min { m((1+e’)||(f*—f)||§+K212HA*E—AE||%)+2pen(f)+2” E|F}

We may further bound || ®¢|2 as ||®oll2 < vV/mn|®o|lmax = 2¢/n. Finally, we have

Eaye [RUAE, B}, (A%, )]

. 2Km HAEHF
< * px ’ * 2 272 * 2
<Eayr {¢01{A§¥ger{( 7 (L [(E* = D)3 + K212 Ap — Ag|[3) + 2pen(f) + 202"

+ 4/C1 2P+ min Ay — Ap|2 42— + Cs
\/ 1( {AE}EF{ I Il K HA Il2

where C = ((?‘C)(Il;f/l)— + KQ;‘QI{I" 5 )) and Cy = —4\/[?"”_".

Further, we need to guarantee that each row of Ay has at least one nonzero entry and this
is valid with probability at least 1 — m(%)” Together with the probability guaranteeing the
RIP condition as in Corollary 3.2, we have that the above inequality holds with probability

at leastl—m(%)"_e.exp(_cm K)‘ -

mn

Appendix E. Proof of Theorem 3.7.

Proof. We first prove the following lemma.
Lemma E.1. If 71 > 2 and 5 > 0, then

1
S /Pl ATE + Ny AF + Ndv(y)

<Eacr | i (KLGCI(A0 + ADE + NCI (A0 + AR+ 2) + 7 pen(t) + mal Ax]r}).

2EA~ g [log

where v is the counting measure on me, A = 1x ®u is the known dark-current, and KL(+||-)
denotes the Kullback—Leibler distance. The expectation is taken with respect to an arbitrary
joint distribution on {A,f}.
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Proof of Lemma E.1. The proof of Lemma E.1 is very similar to that of Lemma D.2, and
the following inequality is used here:

_mipen(f) mllAglF
E 1 vV pAf/pA*f*e 2 2
Y|A* f* [108 Z

H(A*E, Af)

{AE,f}EF

_mipen(f) mllAgplg

e 2 2
<log {Azf:}eI‘ HAT AT Ey|ax ¢ [\/pAf/pA*f*]
E, L _

r _mpen(f) mlAgplr
2

<log Z ‘ ’H(A*f*,A;) Ey A« - [vaf/pA*f*]

{AE7f}EF L _
[ _mipen(f) m2llAglfp
= log Z e~ L 2 }
{Ap,flel
<log Z [e_ pen(f)] <0. [ ]
fely

The proof of the main theorem now follows steps similar to those in the proof of Theorem
3.6 and this lemma. |

Appendix F. MCMC and EM inference for PG model. The model is expressed as

(F.1) yr ~ Pois(®fy +u), f, ~ H;'L:1 Gammal( fy ;; oy, Bf),
' ®;; ~ Gamma(®;;; BoPo,ij, fo), u ~ [, Gamma(u;; i, Bui)-

1. MCMC inference. The augmented Poisson model [36] introduces auxiliary variables
9eij, Where

n+1
(F.2) grij~Pois(®i;frj), j=1,...,n, and gg;ns+1 ~ Pois(u;) with Zg;m’j = Yk
j=1

and it states that

(Ghyists -+ Ghsisns Ghyiont1) | Wi,
(F.3) U D; 1 k0 D nfrn u;
i @i frg T X P o D0y i

Thus we first sample the auxiliary variables from the above multinomial distribution. Then
by the conjugacy between Gamma and Poisson distribution, we can show that the posteriors
are

fejl=— ~ Gamma (af + 2 gkij> By + 22 Pij)s
(F.4) wil—  ~ Gamma (o + Dk Gk int1s Bui+ K),
®; /= ~ Gamma (BePoj+ Dy rij> Bo + D g frj)-
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2. EM inference. The EM inference is readily available once the posteriors are derived.

Based on the multinomial distribution (F.3), the expectation of g, ; ; is

A ~

. i3Sk )
(F.5) Tigj = VR — Yri, J=1,...,m
> i1 i +
r&.
(F.6) kyin+1 = o . “Yk,is

2 =1 Piifrg +

where we add ~ to all variables to denote their current estimates during iteration. The M-step
then assigns to the variables the modes of their posteriors in (F.4).

+
m
~ . L 1
(F.7)  fry= af+Zz_1m€k,ay Vk=1,....K;i=1,....m; j=1,....n;
Br + 2221 ©ij
* +
(F.8) = Oy + Z}i{zl Ekimt1 — 1 & . — B@q)O,Lj + 21{3{:1 fk,i,j 1
' v ) ,] — — R
Juath 5o X0 i
>
where [a]T is understood as [a]T = a, a=0,
0, a<0.
REFERENCES

(1]

2]
B3]

(4]

A. BHATTACHARYYA, On a measure of divergence between two statistical populations defined by their
probability distributions, Bull. Calcutta Math. Soc., 35 (1943), pp. 99-109.

D. J. BRADY, Optical Imaging and Spectroscopy, John Wiley & Sons, New York, 2009.

I. BRONSHTEIN, K. SEMENDYAYEV, G. MusIOL, AND H. MUEHLIG, Handbook of Mathematics, Springer,
Berlin, 2007.

E. J. CANDES AND M. B. WAKIN, An introduction to compressive sampling, IEEE Signal Proc. Mag., 25
(2008), pp. 21-30.

M. DAVENPORT, P. BOUFOUNOS, M. WAKIN, AND R. BARANIUK, Signal processing with compressive
measurements, IEEE J. Sel. Topics Signal Process., 4 (2010), pp. 445-460.

M. F. DUARTE, M. A. DAVENPORT, D. TAKHAR, J. N. Laska, S. TinGg, K. F. KeELLy, AND R. G.
BARANIUK, Single-pizel imaging via compressive sampling, IEEE Signal Proc. Mag., 25 (2008), pp. 83—
91.

D. B. DunsoN AND A. H. HERRING, Bayesian latent variable models for mized discrete outcomes, Bio-
statistics, 6 (2005), pp. 11-25.

A. ErTEkHARI, H. L. Yap, C. J. RozeELL, AND M. B. WAKIN, The restricted isometry property for
random block diagonal matrices, Appl. Comput. Harmon. Anal., 35 (2015), pp. 1-31.

J. A. GREENBERG, K. KRISHNAMURTHY, AND D. J. BRADY, Snapshot molecular imaging using coded
energy-sensitive detection, Opt. Express, 21 (2013), pp. 25480-25491.

Z. T. HARMANY, R. F. MARcCIA, AND R. M. WILLETT, This is SPIRAL-TAP: Sparse Poisson intensity
reconstruction algorithms—theory and practice, IEEE Trans. Image Process., 21 (2012), pp. 1084—
1096.

M. A. HERMAN AND T'. STROHMER, General deviants: An analysis of perturbations in compressed sensing,
IEEE J. Sel. Topics Signal Process., 4 (2010), pp. 342-349.

Y. Hrrowmi, J. Gu, M. GupTA, T. MITSUNAGA, AND S. K. NAYAR, Video from a single coded exposure
photograph using a learned over-complete dictionary, in Proceedings of the 13th IEEE International
Conference on Computer Vision (ICCV), 2011.

W. JOHNSON AND J. LINDENSTRAUSS, Fxtensions of Lipschitz mappings into a Hilbert space, in Conference
in Modern Analysis and Probability, Contemp. Math. 26, AMS, Providence, RI, 1984, pp. 189-206.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/18/15 to 152.3.214.244. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1954

(14]
(15]
(16]
(17]
(18]
(19]
20]

(21]

(22]

23]
(24]
25]
(26]
27]
28]

29]

(30]

WANG ET AL.

D. KitTLE, K. CHOI, A. WAGADARIKAR, AND D. J. BRADY, Multiframe image estimation for coded
aperture snapshot spectral imagers, Appl. Opt., 49 (2010), pp. 6824-6833.

L. A. KONTOROVICH AND K. RAMANAN, Concentration inequalities for dependent random variables via
the martingale method, Ann. Probab., 36 (2008), pp. 2126-2158.

M. LEpoOUX, The Concentration of Measure Phenomenon, Math. Surveys Monogr. 89, AMS, Providence,
RI, 2005.

D. D. LEE AND H. S. SEUNG, Algorithms for non-negative matriz factorization, in Advances in Neural
Information Processing Systems, MIT Press, Cambridge, MA, 2000, pp. 556-562.

J. L1 AND A. BARRON, Mizture density estimation, in Advances in Neural Information Processing System,
MIT Press, Cambridge, UK, 1999, pp. 279-285.

P. LruLL, X. Liao, X. YUAN, J. YANG, D. KiTTLE, L. CARIN, G. SAPIRO, AND D. J. BRADY, Coded
aperture compressive temporal imaging, Opt. Express, 21 (2013), pp. 10526-10545.

K. P. MAcCCABE, A. D. HOLMGREN, M. P. TorNAI, AND D. J. BRADY, Snapshot 2d tomography via
coded aperture z-ray scatter imaging, Appl. Opt., 52 (2013), pp. 4582-4589.

J. Y. PArk, H. L. YApr, C. J. RozELL, AND M. B. WAKIN, Concentration of measure for block diagonal
matrices with applications to compressive signal processing, IEEE Trans. Signal Process., 59 (2011),
pp. 5859-5875.

M. RAGINSKY, S. JAFARPOUR, Z. T. HARMANY, R. F. MARcCIA, R. M. WILLETT, AND R. CALDERBANK,
Performance bounds for expander-based compressed sensing in Poisson noise, IEEE Trans. Signal
Process., 59 (2011), pp. 4139-4153.

M. RAGINSKY AND I. SASON, Concentration of measure inequalities in information theory, communica-
tions, and coding, Found. Trends Commun. Inf. Theory, 10 (2013), pp. 1-246.

M. RAGINSKY, R. WILLETT, Z. HARMANY, AND R. MARCIA, Compressed sensing performance bounds
under Poisson noise, IEEE Trans. Signal Process., 58 (2010), pp. 3990-4002.

W. H. RICHARDSON, Bayesian-based iterative method of image restoration, J. Opt. Soc. Amer., 62 (1972),
pp- 55-5H9.

L. I. RubiN, S. OSHER, AND E. FATEMI, Nonlinear total variation based noise removal algorithms, Phys.
D, 60 (1992), pp. 259-268.

Q. TrAN-DINH, A. KYRILLIDIS, AND V. CEVHER, Composite self-concordant minimization, J. Mach.
Learn. Res., 16 (2015), pp. 371-416.

R. VERSHYNIN, Introduction to the non-asymptotic analysis of random matrices, in Compressed Sensing,
Cambridge University Press, Cambridge, UK, 2012, pp. 210-268.

L. WANG, D. CARLSON, M. RODRIGUES, R. CALDERBANK, AND L. CARIN, A Bregman matriz and
the gradient of mutual information for vector Poisson and Gaussian channels, IEEE Trans. Inform.
Theory, 60 (2014), pp. 2611-2629.

L. WANG, D. CARLSON, M. RODRIGUES, D. WiLcox, R. CALDERBANK, AND L. CARIN, Designed
measurements for vector count data, in Advances in Neural Information Processing Systems, MIT
Press, Cambridge, UK, 2013, pp. 1142-1150.

D. S. WiLcox, G. T. BuzzarD, B. J. LUCIER, P. WANG, AND D. BEN-AMOTZ, Photon level chemical
classification using digital compressive detection, Anal. Chim. Acta, 755 (2012), pp. 17-27.

R. WILLETT AND R. NOWAK, Multiscale Poisson intensity and density estimation, IEEE Trans. Inform.
Theory, 53 (2007), pp. 3171-3187.

Z. YANG, C. ZHANG, AND L. XIE, Robustly stable signal recovery in compressed sensing with structured
matriz perturbation, IEEE Trans. Signal Process., 60 (2012), pp. 4658-4671.

X. Yuan, P. LruLr, X. LiAo, J. YANG, G. SAPIRO, D. J. BRADY, AND L. CARIN, Low-cost compressive
sensing for color video and depth, in Proceedings of the IEEE Conference on Computer Vision and
Pattern Recognition (CVPR), 2014.

M. Zuou AND L. CARIN, Negative binomial process count and mizture modeling, IEEE Trans. Pattern
Anal. Mach. Intell., 37 (2015), pp. 307-320.

M. Zrou, L. HANNAH, D. DUNSON, AND L. CARIN, Beta-negative binomial process and Poisson factor
analysis, in Proceedings of the International Conference on Artificial Intelligence and Statistics, 2012.

H. Zuu, G. LEus, AND G. B. GIANNAKIS, Sparsity-cognizant total least-squares for perturbed compressive
sampling, IEEE Trans. Signal Process., 59 (2011), pp. 2002-2016.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


